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An exotic anomalous plasmon mode is found in strained Weyl semimetals utilizing the topological
Landau Fermi liquid and chiral kinetic theories, in which quasiparticle interactions are modeled by
long-range Coulomb and residual short-range interactions. The gapped collective mode is derived
from the dynamical charge pumping between the bulk and the surface and behaves like k−1F . The
charge oscillations are accurately determined by the coupling between the induced electric field and
the background pseudofields. This novel mode unidirectionally disperses along the pseudomagnetic
field and manifests itself in an unusual thermal conductivity in apparent violation of the Wiedemann-
Franz law. The excitation can be achieved experimentally by mechanical vibrations of the crystal
lattice in the THz regime.
Introduction: Collective excitations in systems with
long-range Coulomb interactions are referred to as longi-
tudinal bulk plasmons [1]. They are consistent with the
classical plasma picture and can be controlled by tailor-
ing the spatial region filled by a charged plasma. Plas-
monics is based on interaction processes between electro-
magnetic radiation and itinerant charges. It seamlessly
combines fundamental research and applications across
areas ranging from condensed matter physics [2] to com-
pact stars [3] and plasma in the early universe [4], to color
engineering, chemistry, biology and medicine [5].
Dirac and Weyl materials mimic the properties of high-
energy relativistic matter and provide an excellent oppor-
tunity to explore novel quantum effects [6]. Their topo-
logical band structure and electron correlations are ac-
curately described by topological Fermi liquid theory [7–
9]. The non-zero Berry phase of quasiparticles in Weyl
semimetals together with the novel axionic term in the
electromagnetic response [10–12] make the dynamics of
excitations completely different from collective modes in
ordinary metals. A considerable effort is devoted to iden-
tifying novel excitations in interacting Weyl fermions in
a three-dimensional (3D) relativistic-like plasma, which
may originate from anomaly-induced intra- or inter-chiral
particle number fluctuations.
One example is the violation of axial current conserva-
tion, termed the chiral [13] anomaly, i.e. ∂µJ
µ
5 =
e2
3pi2E ·B
[11, 14], stemming from the topological modification of
the electromagnetic response [6, 11]. It leads to a non-
dissipative current along a magnetic field through the
chiral magnetic effect in the presence of an axial chemi-
cal potential. The collective dynamics of Weyl fermions
in the presence of quantum anomalies undergoes a qual-
itatively change in the dispersion of conventional collec-
tive modes [15–21] and even gives rise to novel and un-
precedented types of excitations [12, 16, 17, 20, 22–24].
Moreover, the electron-phonon coupling in strained Weyl
semimetals in the form of elastic gauge fields,Ael, [25–27]
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leads to new collective dynamics [23, 28, 29]. Notably, the
phonon collective excitations receive considerable modifi-
cations in both the longitudinal [28] and the optical [30]
branches due to electron-phonon interactions. The pres-
ence of both ordinary and strain-induced pseudofields,
i.e. Eel = ∂tAel and Bel = ∇ × Ael, not only modi-
fies the chiral anomaly equation, but also results in the
non-conservation of local charges [26, 27, 31, 32].
In this Letter we identify a new anomalous plasmon
(AP) mode in interacting Weyl semimetals in the pres-
ence of a pseudomagnetic field induced by strain. We as-
sume the conventional model of Weyl semimetals with
the minimum number of two opposite-chirality nodes
when time-reversal symmetry is broken [33]. We demon-
strate that bulk charge oscillations induce an electric
field that couples to the background pseudofields. This
coupling leads to dynamical charge pumping between
the bulk and the surface and vice versa through the ap-
parent non-conservation of local charge in the bulk, i.e.
∂µJ
µ = e
2
2pi2 E˜(r, t) ·Bel. Hence the AP mode is to be dis-
tinguished from chiral plasmons and magneto-plasmons
in that charge fluctuations do not occur between the
nodes, but between the bulk and the boundaries and
are mediated by the Fermi arcs. Adopting the frame-
work of topological Landau Fermi liquid theory includ-
ing strain-induced pseudo-electromagnetic fields, we de-
rive the q−dependent plasmon dispersion stemming from
anomalous electronic transport phenomena. Most impor-
tantly, this AP mode only carries a charge current and
therefore, it is no longer a chiral mode. Furthermore, the
AP mode as a bosonic quasiparticle only disperses along
the pseudo-magnetic field and may manifest itself in an
unusual thermal conductivity through the violation of
the Wiedemann-Franz law. The AP can lead to remark-
able thermodynamic phenomena, such as quantum oscil-
lations in the thermal conductivity due to the pseudo-
magnetic field which can be considered a smoking gun.
Topological Fermi liquid theory: We consider a system
in which the low-energy effective Hamiltonian in the con-
tinuum limit in the vicinity of the nodal points is given
by H = vF(q+χAel) ·σ where χ = ± labels the chirality
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2of the nodal points. Such nodes are connected by Fermi
arc surface states and topologically stabilized against any
slight perturbations regardless of symmetry [34]. The
interaction-induced renormalized local quasiparticle en-
ergy is given by ˜χ(k, r, t) = χ(k) + δχ(k, r, t) where
χ(k) = vFk(1 + B
χ · Ωχ) is the fermionic energy dis-
persion, vF is the Fermi velocity, Ωχ = χΩ = χkˆ/2|k|2
is the isotropic Berry curvature and Bχ = χBel is the
elastic-in-origin pseudomagnetic field that couples to the
Weyl fermions oppositely in the two nodes at b and −b.
It is worth mentioning that χ(k) is modified by the con-
tributions due to all filled electronic states through the
Berry curvature. This is somewhat distinct from the Lan-
dau theory, which merely involves quasiparticles within a
small range of kBT [8, 9, 35]. Remarkably, χ(k) is inde-
pendent of the specific nature of interactions and carries
information on the topological characteristics of the band
structure. The inhomogeneous part of energy due to the
presence of the collective mode and the intrinsic interac-
tions is given by
δχ =
∑
χ′
∫
dk′
(2pi)3
D(kˆ′){Fχχ′(k,k′) + vq}δfχ′ . (1)
It takes account of both Fχχ′(k,k′) and vq = e2/0q2 as
a residual short-range interaction between two fermions
of type χ, χ′ and the long-range Coulomb interaction,
respectively. The electronic fluctuation of the distribu-
tion function in the vicinity of chiral Fermi surfaces is
given by δfχ(k, r, t) = fχ(k, r, t) − f (eq)χ (k). We sup-
pose quantum oscillations are sought in the form of plane
waves with frequency ω and wave-vector q, δfχ(k, r, t) =
δfχ(k)e
i(q·r−ωt). The equilibrium distribution function
f
(eq)
χ (k) = [eβ(
χ
k−µχ) + 1]−1, where β = (kBT )−1 and
µχ = µ
(eq) + χµ5 is the effective chemical potential for
the right- and left- handed fermions. For k and k′ near
the Fermi surface where k = k′ = F , the interaction
term Fχχ′(k,k′) depends only on the angle between the
direction of k, k′ and on the chiralities χ and χ′. The
factor D(kˆ) = 1−Ω ·Bel ensures the phase space modifi-
cation satisfies Liouville’s theorem [36].
Collective dynamics: The topologically modified semi-
classical Boltzmann formalism can be embedded in the
framework of chiral kinetic theory. The collective dynam-
ics of a pair of chiral Fermi surfaces are described by
the time evolution of quasiparticle distribution function,
which satisfies
∂tfχ(k, r, t) + (r˙χ ·∇r + k˙χ ·∇k)fχ(k, r, t) (2)
= I(δfχ(k, r, t)).
Scattering processes are accounted for by the collision in-
tegral on the RHS. The semiclassical equations of motion
in topological Fermi liquid theory in the absence of time
reversal symmetry read
D(kˆ)k˙χ = Eχ −∇r ˜(k, r, t) +∇k˜(k, r, t)×Bχ
− [∇r ˜(k, r, t) ·Bχ]Ωχ(k)− (Eχ ·Bχ)Ωχ(k),
(3)
D(kˆ)r˙χ = ∇k˜(k, r, t)−∇r ˜(k, r, t)×Ωχ(k)
+ [∇k˜(k, r, t) ·Ωχ(k)]Bχ −Eχ ×Ωχ(k),
where Eχ = χEel. This method is valid when
√
Bel 
τ−1  µ, where τ is the quasiparticle lifetime. The
dynamical equation describing the quantum oscillation
of excited quasiparticle with (k, χ) interacting with
fermions of type (k′, χ′) is given by
− iωD(kˆ)δfχ(k) + iq · [vk + (vk ·Ωχ(k))Bχ]δfχ(k) +
(−∂f (eq)/∂k)vk ·
∑
χ′,k′ Π
χ,χ′
(q,k,k′) + (vk ×Bχ) ·∇kδfχ(k)
− vk · [Eχ + (Eχ ·Bχ)Ωχ(k)] = I(δfχ(k)), (4)
The modified interaction-induced drag force is
Πχ,χ
′
(q,k,k′) = iD(kˆ′)[Fχχ′(ξ)+vq][q+(q·Bχ)Ωχ(k)]δfχ′(k′).
We assume that steady state processes are accu-
rately described by the relaxation time approximation,
dfχ(k, r, t)/dt = −(fχ(k, r, t) − f (eq)χ (k))/τ(k). We con-
sider, for simplicity, a k-independent relaxation time, i.e.
τ(k) → τ , valid for Fermi surfaces much smaller than
the first Brillouin zone. Collision-induced quantum os-
cillation of particles could be decomposed into a ther-
mal relaxation time τth, an inter-node relaxation time τc,
and the relaxation time-scale of the charge-density im-
balance between the bulk and the boundaries denoted by
τa and provided by the process in which right-moving
modes in the bulk scatter back to the left-moving modes
near the boundaries. We restrict our analysis to time-
scales τth  τa and τth  τc where the latter denotes
the well-known chiral limit. Such a chiral limit has been
considered in other works [7, 22]. In this limit, the scat-
tering rate τ−1th is fast enough to relax any deviation of
the Fermi surface and then establish thermal equilibrium
in each chiral Fermi surface.
Having carried out the integration over k, Eq. (4) can
be correctly interpreted as the non-conservation of chiral
charges in the presence of both ordinary and pseudofields
∂tδnχ+∇·J χ = (χEel ·Bel+E˜(r, t)·Bel)/4pi2 [37]. Here,
the intrinsic electric field E˜(r, t) induced by charge den-
sity oscillation, δn(r, t) =
∑
k,χD(kˆ)δfχ(k, r, t), has been
extracted from E˜(r, t) = −e∇ϕ(r, t) where ϕ(r, t) repre-
sent the dynamical scalar potential satisfying the Poisson
equation q2ϕ(r, t) = e0 δn(r, t). Subtracting and adding
the charge and current associated with each node leads to
the following covariant form of the novel chiral anomaly
and the non-conservation of local charge, respectively;
∂µJ µ5 =
e2
2pi2
Eel ·Bel, (5a)
∂µJ µ(r,t) =
e2
2pi2
E˜(r, t) ·Bel, (5b)
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Figure 1. (Color online) (a): Colored disks represent the co-
herent breathing-like fluctuation of the bulk Fermi surfaces
for a single pair of Weyl nodes owing to the anomaly-induced
charge transfer between the bulk and the surface. The dashed
circles denote the equilibrium position of the Fermi surfaces
µ
(eq)
χ = µ+χ|δµ(1)χ |. (b): The blue and green lines denote the
charge density creation and annihilation when ψ sweep along
[0, 2pi] and δn(1)χ represents the chirality imbalance between
two nodes due to the term ∝ Eel · Bel in the chiral anomaly
equation. We define ψ = q · r−ωt as a quantum phase of the
collective motion of charges.
where we define J µ5 = (J µ+ −J µ−) and J µ = (J µ+ + J µ−).
The ordinary magnetic field leads to a chiral anomaly,
while the pseudomagnetic field leads to charge non-
conservation. The chiral anomaly in Eq. (5a) describes
the strain-induced charge pumping between the nodes
with opposite chirality, δn(1)χ = χ e
2τc
2pi2 (Eel · Bel), leads
to a slight shift in chemical potential as δµ(1)χ = χ(Eel ·
Bel)τc/2. It is noted that this strain-induced chirality
imbalance is independent of the dynamics of collective
excitations and it stems from the extrinsic elastic fields.
On the other hand, the coupling between pseudomag-
netic field and the induced electric field E˜(r, t) owing to
the charge dynamics leads to an unexpected local charge
non-conservation, Eq. (5b), that can be interpreted as
a charge pumping between the bulk and the boundaries
of the system [12, 26]. Although the result of Eq. (5b)
seems to be unphysical, considering both the bulk and
the surface contribution can restore the charge conserva-
tion [12, 38]. The violation of local charge conservation
in Weyl semimetals naturally arises from the fact that
the current conservation equation only includes the bulk
region, hence the extra charge is expected to come from
the edge of the system [26, 27, 31]. This non-conservation
problem can be circumvented by adding the so-called
Bardeen-Zumino polynomial, J µ → J µ + e22pi2Ael × E˜
to the electric current, which renders the consistent ver-
sion of the anomaly equation, ∂µJ µ = 0 [12, 23, 39].
The strain-induced local charge non-conservation in
Weyl semimetals, Eq. (5b), plays a key role in driving
a new collective mode. The charge density imbalance
induced between the bulk and the surface is
e2τa
2pi2
E˜ ·
Belei(q·r−ωt). The induced charge in the bulk is dis-
tributed among all the empty states above F and leads
to a small shift in the chemical potential δµ(2)χ (r, t) ≈
e2τa
µ2 E˜ ·Belei(q·r−ωt), extracted from the semiclassical for-
malism where pseudo-Landau level quantization is unim-
portant. The sign of the anomaly-induced charge density
in the bulk depends on the phase of the charge fluctua-
tion ψ = q · r − ωt, i.e. δn > 0 for ψ = pi/2, δn < 0 for
ψ = 3pi/2 and δn = 0 for ψ = 0, pi with respect to the
µ = µ0 + χ|δµ(1)| [Fig.1]. It means charges are pumped
from the bulk to the surface and vice versa, then it gives
rise to the coherent breathing-like fluctuation on the bulk
Fermi surface.
By making use of the modified anomaly equation
∂tδnχ + ∇ · J χ = (χEel · Bel)/4pi2 incorporating the
boundary contributions and the current expressions, we
investigate the spectrum of AP excitations. For the sake
of simplicity, we consider Fχ,χ′(kˆ, kˆ′) = F0 as a con-
stant and valid for small Fermi surfaces, and also k →
k+χδµ
c
χ. After straightforward calculations (see supple-
mentary material) we obtain
δnχ =
(F0 + e
2
0q2
)
∑
χ′ χ
′δnχ′
(ω + iτ−1)− χq ·α/2pi2
q ·α
2pi2
, (6)
where α = Bel/2k2F . Assuming a finite frequency ω, van-
ishingly small scattering rate, i.e. τ−1c,a → 0, and small q·α
we get the following spectral equation for the collective
mode
1 =
∑
χ
χk2Fq ·α/2pi2
ω − χq ·α/2pi2 (F0 +
e2
0q2
) =
∑
χ
χk2Fq ·α
2pi2ω
(1 +
χq ·α
ω
+ · · · )(F0 + e
2
0q2
) '
(a1 + a2|q|2)( qˆ ·α
ω
)2 + (a1 + a2|q|2)|q|2( qˆ ·α
ω
)4 + · · · ,(7)
where a1 = e2k2F /20pi
2 and a2 = F0k2F /2pi2. The corre-
sponding AP frequency in the long-wavelength limit
ωAP (q) = |qˆ ·α|
√
a1 + (1 + a2)|q|2. (8)
It is worth noting that this mode only disperses along
the pseudomagnetic field and is only tied to the local
charge oscillations, but the inter-node chiral fluctuations,
on the other hand, would be absent. The plasmon gap is
obtained by keeping terms up to the zeroth order of q:
ωAPq→0 =
√
e2
20pi2
|qˆ ·Bel|
2kF
. (9)
where the plasmon mode is proportional to 1/kF. To reli-
ably estimate the plasmon gap, we set vF = 5× 105 m/s,
F = 100 meV and |Bel| = 1 mT which gives ωAPq→0 ' 15
THz. This mode can provide building blocks for tera-
hertz optical devices. In the chiral limit, i.e. τc  τth,
any deviation of the Fermi surface will be immediately
washed out by strong intra-node scattering process, there-
fore the only remaining collective mode is the gapped
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Figure 2. (Color online) (a): The renormalized specific heat
C˜v = (4pi2(1 + a2)3/2/kBΛ3)Cv as a function of temperature.
The temperature is plotted in the units of Debye temperature
for ΘAP = αΛ/kB , where α = Bel/2k2F . The active presence
of repulsive short-range interaction F0, generates the specific
heat to increase especially in the higher temperature regions.
We set here a1 = Λ2 and a2 = 0, 0.1 for the blue and the
green lines, respectively. (b): The renormalized thermal con-
ductivity κ˜thzz = (4pi2/kBτpΛ3(1 + a2)1/2)κthzz as a function of
pseudomagnetic field Bel for temperatures T/ΘAP = 0.5, 1, 5
and a1 = Λ2 and a2 = 1.
AP mode, which propagates along the pseudomagnetic
field. The plasmon mode of 3D pristine Weyl semimetals
in the absence of real electromagnetic fields is given by
ωp(1− 18µ2 q2(1 +F (2µ, ωp)) where ωp =
√
8e2µ2/(3pi0),
F (x, y) = (x4y2 − 3x6/5)/(y2(x2 − y2)2) and µ = ~vFkF
is the chemical potential [17]. Consequently, the strain-
induced pseudo-magnetic field drives plasmon collective
dynamics by generating charge fluctuations between the
bulk and the boundaries without a background real mag-
netic field.
Thermal properties: The existence of an independent
AP mode can be regarded as a bosonic quasiparticle in
the Weyl Fermi liquid system. Such a strain-induced col-
lective excitation may make a contribution to the thermal
properties such as the specific heat and thermal conduc-
tivity. The total energy carried by the collective mode is
defined as U =∑q ωq G(0)(q, r, t) , where G(0)(q, r, t) =
(eβωq−1)−1 is the equilibrium Bose-Einstein distribution
function and ωq is the dispersion of the collective mode.
The specific heat, i.e. Cv = ∂U/∂t, can be obtained as
Cv(T ) = kB
∑
|q|<Λ
(βωq)
2
4 sinh2(βωq/2)
(10)
where we consider Λ as an ultraviolet cutoff for the wave
vector integrals. We estimate Λ ∼ 1/a where a is the
lattice parameter. We consider a pseudomagnetic field
parallel to the z-axis, and the dependence of the specific
heat with respect to temperature is presented in Fig. 2(a).
The specific heat behavior in the two limits of suffi-
ciently low T  ΘAP and high T  ΘAP is
Cv =

kBΛ
3
6(a2+1)3/2
B(a1, a2)
T
ΘAP
T  ΘAP
kBΛ
3
6pi2
T  ΘAP
,
where ΘAP = αΛ/kB represents the corre-
sponding Debye temperature for APs, and
B(a1, a2) =
√
(a2 + 1)(a1 + a2 + 1)/2− a12 ln |(
√
a2 + 1+√
a1 + a2 + 1)/
√
a1|. For more details see supplementary
material.
The thermal conductivity, κth, on the other hand, is
defined via the heat current jth = κth(−∇T ). The ther-
mal current associated with the unidirectional AP mode
in terms of its spectrum is
jth =
∑
|q|<Λ
ωq(∇qωq) δG(q, r, t). (11)
Here, δG(q, r, t) represents the stationary solution of
Boltzmann equation, ∂tG(q, r, t) = 0, and is given by
δG(q, r, t) =G(q, r, t)− G(0)(q, r, t) = −τp(T )r˙ · ∇rG(0)
=τp(T )
α2(1 + a2)kBβ
2
4 sinh2(βωq/2)
|q|(−∇zT ), (12)
where τp(T ) is the relaxation time of the APs. Using Eqs.
(11) and (12), the thermal conductivity can be expressed
as follows;
κthzz = τp(T )kB(1 + a2)
2α4β2
∑
|q|<Λ
q2
4 sinh2(βωq/2)
. (13)
Figure 2(b) represents the thermal conductivity along
the direction of AP propagation. The thermal conduc-
tivity for low-temperatures T  ΘAP is proportional to
κthzz ∝ (Bel)2(ΘAP /T ) and is temperature-independent
at T  ΘAP , i.e. κthzz ∝ (Bel)2. The electronic conductiv-
ity, on the other hand, displays a Drude-like response in
the dc regime [40], therefore, the presence of the unidirec-
tional AP mode leads to an unusual and anisotropic ther-
mal conductivity which violates the Wiedemann-Franz
law. Such a violation of the Wiedemann-Franz law by
the anomaly-induced chiral zero sound mode in Weyl
semimetals has been also theoretically proposed [22] and
experimentally confirmed [41], recently.
Conclusion: We have identified an anomalous plasmon
mode as a novel type of cooperative motion of Weyl
fermions in a distorted lattice as a unique signature of
novel manifestation of the anomaly equations. Topolog-
ical Fermi liquid theory with pseudofields is utilized to
determine its exotic gapped dispersion relation. The AP
mode only propagates along the pseudomagnetic field
with a frequency of a few THz and vanishes in the absence
of lattice distortion. This unidirectional mode is charac-
terized by an oscillation of the charge density between the
bulk and the boundaries triggered by the strain-induced
5anomalous non-conservation of local charge. The anoma-
lous plasmon mode is completely different from other col-
lective modes (Table I in supplementary material) pro-
posed for Weyl semimetals.
We have also shown that the AP mode can lead to
an unprecedented thermal conductivity along the pseu-
domagnetic field which does not satisfy the Wiedemann-
Franz law. Such exotic thermal transport may be con-
sidered as strong evidence in experiments to confirm the
existence of the AP mode.
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